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$r$ $W$ $r$ $Q$ . $0\leq j\leq r-1$ , $Q$
$j$ $f_{j}$ , $f=f(Q)$ $:=(f_{0}, \ldots, f_{r-1})$ $Q$ $f$
. $f_{-1}:=1,$ $f_{r}:=1$ .
$h_{l}$ $:= \sum_{j=0}^{l}(\begin{array}{l}r-jl-j\end{array})(-1)^{l-j}f_{j-1}$ $(0\leq l\leq r)$









1971 McMullen [4] . ,
$(h_{0}, \ldots, h_{r})$
$r$ $h$ , Dehn-
Sommerville , $k$ $R=\oplus_{l^{r}=0^{2]}}^{1/}R^{l}$ ,




. , $h_{-1}:=0$ , $[r/2]$ $r/2$ . , $h$
(unimodal) .
$1=h_{0}\leq h_{1}\leq\cdots\leq h_{[r/2]}=h_{[(r+1)/2]}\geq\cdots\geq h_{r-1}\geq h_{r}=1$
.
1980 , Billera-Lee [1], [2] , Stanley [9] .
, Lefschetz
. McMullen









, $r$ $W\cong R^{r}$ . $W$ , $w_{1},$ $\ldots,$ $w_{s}\in$
$W$ ,
$\sigma$ $:=R_{\geq 0}w_{1}+\cdots+R_{\geq 0}w_{s}$
. , $R_{\geq 0}$ . $\sigma$ $\dim\sigma$
, $\sigma$ $R$ $R\sigma=^{\backslash }\sigma+(-\sigma)$ . $\{w_{1}, \ldots, w_{s}\}$
, $\sigma$ .
$W$ $Z$ $:=Hom_{R}(W, R)$ , \langle , }: $Z\cross Warrow R$
. $\tau$ \mbox{\boldmath $\sigma$} ( $\tau\prec\sigma$ ) , $z_{0}\in Z$ $\{z_{0}, w\}\geq 0,$ $\forall w\in\sigma$
$\tau=\sigma\cap\{z_{0}\}^{\perp}$ .
$W$ , $W$ ,
.
$\bullet$ $\sigma$ , $\sigma\cap(-\sigma)=\{O\}$ .




$\sigma$ \mbox{\boldmath $\sigma$}’ .
$arrow 2–$
$|$ $|$ $:= \bigcup_{\sigma\in II}\sigma$ , $|II|=W$ II . , \mbox{\boldmath $\sigma$} $\in\Pi$
, II .
$0\leq i\leq r$ , $II(j)$ $:=$ { $\sigma$ $|\dim\sigma=j$ } . , \mbox{\boldmath $\rho$} $\in\Pi\Pi(1)$
$O$ $w_{\rho}\in\rho$ . , $\rho=R_{\geq 0}w_{\rho}$ .
. $W$ $r$ $Q$ .
, $O$ $Q$ . $O$
$Q$ $W$ , $Q$
{ $w_{\rho}|\rho$ (1)} . $Q$ ,
. $Q$ , , $\rho\in II(1)$
$\eta(w_{\rho})$ $:=1$ \eta : $Warrow R$ . , \mbox{\boldmath $\sigma$} $\in$ $z_{\sigma}\in Z$
,




$W$ . \mbox{\boldmath $\rho$}\in (1) $x_{\rho}$
$S$ $:=R$[$x_{\rho}|\rho$ (1)] . square-free
{ $x_{\rho_{1}}x_{\rho_{2}}\cdots x_{\rho’}|\rho_{1},$ $\ldots,$ $\rho_{s}\in II(1)$ $\rho_{1}+\cdots+\rho_{s}\not\in\Pi$ }
$S$ $I$ ,
$\{\theta(z):=\sum_{\rho\in II(1)}\{z, w_{\rho}\}x_{\rho}|$ $z\in Z\}$
$J$ , $A:=S/(I+J)$ II Chow . , $S/I$
Stanley-Reisner .
$A=A^{0}\oplus A^{1}\oplus\cdots\oplus A^{l}\oplus\cdots\oplus A^{r}$
. II , $\sigma\in$ $(l)$ $\rho_{1},$ $\rho_{2}\ldots,$ $\rho_{l}\in$ II(1)
$\sigma=\rho_{1}+\rho_{2}+\cdots+\rho_{l}$ . , $x_{\rho_{1}}x_{\rho 2}\cdots x_{\beta l}$ $A^{l}$
$v(\sigma)$ . $v(\{O\})=1\in A^{0}$ . .
$\bullet A^{l}=\Sigma_{\sigma\in II(l)}Rv(\sigma)$ .






$v(\sigma)v(\sigma’)=\{\begin{array}{l}0\sigma+\sigma’\not\in\Pi v(\sigma+\sigma’)\sigma+\sigma’\in II\delta\backslash \text{ }\sigma\cap\sigma’=\{O\}?*\emptyset 1\Psi\emptyset\ovalbox{\tt\small REJECT} g\end{array}$
II \eta : $Warrow R$ $A^{1}$ -\eta $:= \sum_{\rho\in\Pi(1)}\eta(w_{\rho})v(\rho)$
. $z\in Z$ –\eta +z $=\overline{\eta}$ .
, $1\leq l\leq r$ -\eta $A^{l-1}arrow A^{l}$ , $\tau\in II(l-1)$ $v(\tau)\in A^{l-1}$
$\overline{\eta}v(\tau)=\sum_{\rho\in\Pi(1),\rho+\tau\in\Pi(l)}(\eta(w_{\rho})-(z_{\tau}, w_{\rho}\rangle)v(\rho+\tau)$
. $z_{\tau}$ $w\in\tau$ $\eta(w)=\langle z_{\tau},$ $w$ } $Z$





II $W$ . $0\leq l\leq r$ ,
$C$ ( , $\mathcal{G}_{l}$ ), $\delta$
. . . $arrow C^{j}(II, \mathcal{G}_{l})$
$:= \bigoplus_{\sigma\in\Pi(j)}\wedge^{l-j}\sigma^{\perp}arrow^{\delta}C^{j+1}(II, \mathcal{G}_{l})$ $:= \bigoplus_{\xi\in\Pi(j+1)}\wedge^{l-j-1}\xi^{\perp}arrow\cdots$
. , $\sigma\in II(j),$ $\xi\in II(j+1)$ , 6 $(\sigma, \xi)$ , $\sigma$
\mbox{\boldmath $\xi$} $0$ , \mbox{\boldmath $\sigma$} $\prec\xi$ , $\xi^{\perp}:=\{z\in Z|\langle z, w\rangle=0, \forall w\in\xi\}$
\mbox{\boldmath $\sigma$}\perp $:=\{z\in Z|\langle z, w\}=0,$ $\forall w\in\sigma$ } 1 , $\rho\in$ $(1)$
$\xi=\rho+\sigma$ , $z_{1}\in\sigma^{\perp}\supset\xi^{\perp}\ni z_{2},$ $\ldots,$ $z_{l-j}$ $z_{1}\wedge z_{2}\wedge\cdots\wedge z_{l-j}$
\langle $z_{1},$ $w_{\rho}$ } $z_{2}\wedge\cdots\wedge z_{t-j}$ .
, Mayer-Vietoris ,
.
1 $0\leq l\leq r$
$H^{j}($ $, \mathcal{G}_{l})=\{\begin{array}{l}A^{l}j=l0j\neq l\end{array}$
. , $j$ $l$
$H^{j}($ $, \mathcal{G}_{1})^{*}=(\wedge^{r}W)\otimes_{R}H^{r-j}(II, \mathcal{G}_{r-l})$ .
. $*$ .
$-*-$
$0arrow C^{0}$ (II, $\mathcal{G}_{l}$ ) $arrow^{\delta}C^{1}$ (II, $\mathcal{G}_{l}$ ) $arrow^{\delta}$ . . . $arrow^{\delta}C^{j}(II, \mathcal{G}_{l})arrow^{\delta}$ $arrow^{\delta}C^{l}$ (II, $\mathcal{G}_{l}$ ) $arrow A^{l}arrow 0$
.
$\dim_{R}C^{j}(II, \mathcal{G}_{l})=(\begin{array}{l}r-jjl-\end{array})t_{II(j)}$ $(0\leq j\leq l)$
,
$h_{l}$ $:= \dim_{R}A^{l}=\sum_{j=0}^{l}(\begin{array}{l}7\cdot-jl-j\end{array})(-1)^{l-j\{}II(j)$ $(0\leq l\leq r)$
. $h_{l}=h_{r-l}$ . $\Pi$ $Q$
$\#$ $(j)=f_{j-1}$ , $f$ $h$ Dehn-Sommerville
.
, II \eta : $Warrow R$ .
( 1 , $r$ $Q$
) $r+1$
$\overline{W}$ $:=W\cross R$
. $\sigma$ $\tilde{\sigma}$ $:=\{(w, \eta(w))|w\in\sigma\}$ $\overline{W}$ $\dim\tilde{\sigma}=\dim\sigma$
. $\overline{W}$
$II$ $:=\{\tilde{\sigma}|\sigma\in$$\}\sim$
$\eta$ . $|II|\sim$ $:= \bigcup_{\sigma\in\Pi}\tilde{\sigma}$ \eta .
\mbox{\boldmath $\rho$}\in (1) , $\tilde{w}_{\rho}$ $:=(w_{\rho}, \eta(w_{\rho}))$ \mbox{\boldmath $\rho$}\tilde . $\eta$
$\eta$ epigraph
$epi(\eta)$ $:=$ { $(w,$ $\lambda)\in\overline{W}$ I $\lambda\geq\eta(w)$ }
$\overline{W}$ $r+1$ , $epi(\eta)$ $epi(\eta)$
.
, .
2 $0\leq l\leq r+1$







3 $1\leq l\leq r$





$\bullet$ $l<r/2+1$ -\eta : $A^{l-1}arrow A^{l}$ .
$\bullet$ $l<r/2+1$ $H^{l-1}(II,\overline{\mathcal{G}}_{l})=0\sim$ .
$\bullet$ $l>r/2$ -\eta : $A^{l-1}arrow A^{l}$ ,
$\bullet$ $l>r/2$ $H^{l}(\overline{II},\overline{\mathcal{G}}\iota)=0$ .
$H^{r}(\tilde{\text{ }}_{)}\overline{\mathcal{G}}_{r})=0$ . $H^{0}(\text{ _{})} \tilde{\mathcal{G}}_{1})=0$ - ) $h_{r-1}\geq h_{r}$
$h_{0}\leq h_{1}$ .
, $H^{r-1}(\Pi,\tilde{\mathcal{G}}_{r-1})\sim=0$ , $H^{1}($ $,\overline{\mathcal{G}}_{2})-=0$ .
, $h_{r-2}\geq h_{r-1}$ $h_{1}\leq h_{2}$ . , 3
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